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ON THE DISPLACEMENT BOUNDARY VALUE PROBLEM
OF SHALLOW SPHERICAL SHELLS*

F. Y. M. WAN

Department of Mathematics. Massachusetts Institute of Technology. Cambridge. Massachusem

Abstract-By reformulating the displacement boundary conditions in terms of strain and curvature change
measures. the displacement boundary value problem of shallow spherical shells becomes the static-geometric
analogue of the corresponding stress boundary value problem. Without another set of independent calculations.
the exact solution of the former and its asymptotic behavior are obtained directly from known results for the
latter by applications of the rules of static-geometric analogy. This new formulation also offers a new perspective
to a previous asymptotic solution of the displacement problem.

1. INTRODUCTION

THE asymptotic behavior of the exact solution of the linear elasto-static problem of a
complete shallow spherical cap subject to self-equilibrating edge loads was discussed
recently in [1]. For the stress boundary value problem, this asymptotic behavior was
studied in some detail to delineate the dependence of the interior and edge zone stress
state on the applied loads and to determine the applicability of the earlier direct asymptotic
solution of the same problem [2,3]. A less complete analysis of the displacement boundary
value problem was also included. The present note reformulates the displacement boundary
value problem to explore a duality between the stress and displacement boundary value
problem. By formulating the displacement boundary conditions in terms of strain and
curvature change measures. the displacement boundary value problem becomes the static
geometric analogue of the stress boundary value problem [4]. This complete duality makes
separate analysis of the two problems unnecessary. Without another set of independent
calculations, the exact solution of the displacement boundary value problem and its
asymptotic behavior can be obtained directly from the results for the stress boundary
value problem by applying the rules of static geometric analogy. Moreover, our alternate
formulation also offers a new perspective to the asymptotic solution obtained in [5].

The fact that there is a static geometric analogy between the two fundamental problems
of shell theory was known to Lur'e [6J, and a more general exposition of this idea was given
by Naghdi in [7J where other appropriate references can also be found. Our present analogy
differs from Lur'e's in that the latter requires a reformulation of the stress boundary condi­
tions in terms of resultant forces and moments. Such an analogy does not enable us to make
use of the existing results for the stress boundary value problem. An analogy very similar
to that of the present work was discussed earlier by Chernykh [8]. However, the starting
point of Chernykh's work was the complex form of shell equations of Novozhilov [9]. The
derivation of these equations for "complex forces" requires a certain approximation in the
original shell equations in the case of a non-vanishing Poisson's ratio. The present analogy
does not need this approximation even for non-shallow shells (see [1 OJ).
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2. SOLUTION BY STATIC GEOMETRIC ANALOGY

As in [IJ, we consider solutions of Marguerre's shallow shell equations which lead to
finite stresses and displacements at the apex of the shell in the form

III

with
r 11

P = -, It = 4 ' 12)
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where D and I A are the bending and stretching stiffness ci the shell. R is the radius of the
spherical middle surface and where A", B", C", and D" are constant of integration to be
determined by the boundary conditions at the edge r = a. * Terms associated with the
constants A" and B" are the inextensional bending and membrane contributions respec­
rively. where terms associated with C" and D" are edge effect contributions.

From II) and (2). we have the following expressions for the strain and curvature change
measures.
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• See [I] for nomenclatures not defined herein. Note also the change of notation 10 regard to the rotatIons
eP. and dJ. and in regard to the constants of integration
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where the functionsFs are as defined in [1J while the g"s are the g's of [IJ with \'h replaced
by - l's' With the additional analogy associating (D, - A). these are the static geometric
analogues of the stress measures given by equations (2.5) of [I]. Within the framework of
Marguerre's theory. {Ja can be interpreted as the normal component of the curvature
change vector associated with a constant A edge while 60 is the static geometric analogue
of the Kirchhoff effective transverse resultant Rr "" Qr +r- 1 MrO •H'

The shell is subject to edge deformation at Ii = 1 so that

(u. W. cPr) = (u", W", cP") cos nO. l' = 1'" sin nO (4)

where for shallow shell theory cPr = - "'.r and where Wn • Un' l'n and cP" are prescribed con­
stants and n ~ 2. While the conditions (4) were used in [IJ for the determination of the
constants of integration. we will replace them here by the equivalent conditions

I'.o+u "'
[.0 = -r--R = c" cos nO.

w
~ = b cosnfi
R "

(5)

where
"'" = a-z(acP"+nzw").

c" = a - l(nvn+ U" - C01'").

t n = -na- 2(acPn+ wnl,

6" = a- z(iXacPn+nl'n+n 2 un )

(7)

and where Il = aiR, in order to explore the static geometric analogy.
With the relevant strain and curvature change measures given by (3), the boundary

conditions (5) become
. 2

n(n-1)An+I
·,[Cnf..c().)+Dnf..P)] = Kn
a~

• ?

n(n-1)An +
I
':[CnfsP)+D n!.P)J = t n
a

(6)

1
- n(n - I)B" +R[CngrP) + Dngrd(J.)J ::: En'

Except for a slight change in notation. equations (6) are formally the same as equations (3.2)
of [lJ with -Nn, Sn' R", M" replaced by "'n' tn' t5", En' and with the g's replaced by g's.
We can therefore write down the solution of (6) without additional calculations

1 [~ ~ n-1 ~ ]
An = !"X l +K"X2 +--(Qbn+nE")X J2n(n-1) IlQ

IlQ [ v n+ 1 ~ ~ ]Bn = ? 2. ? (Tn - K"IA 4 + --(QbnX 1 -11I;nX 2)
~1~--1) IlQ

en = a~ {(t"-Kn) (gnp.)+~grP,)J -~(a6n+l1i;n)c.r.p.)- !.P)]}
qn~l t. IlQ

Dn = a~ {(tn-Kn) (gnc(A)+~grP)J -~(abn+11I;n)[.r.p.)- !.p)] l
qn61 I, IlQ J
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where the .Xi·s and the Al are the Xi's and the ~I of[IJ with Vb replaced by - V, and where
LIn is as defined in [1].

3. INTERIOR MEMBRANE AND BENDING STRESSES

To examine the direct and bending stresses in the interior of the shelL we confine our­
selves to an isotropic and homogeneous medium for which Vb = V, = v. A = I Eh and
D = Eh31I2( 1- 1'2), and consider as in [IJ two representative quantities abn and akn defined
by

(9)

6M~ .= (jan cos ne.
V'P=l

;'Ve!

= aDn cos nO,
h {J 1

It follows from m that (with A= py
i 2)

aan 611 - 1'2 )DA An
=._--

(jDn IJ B~

= n(n + I ).J[~(l- vz)] [rnX 1 + !~nX 2 + [In -1 )lcwJ ~a~n + nSn)X 3 ]

2W (rn -Kn)X4 +[(n+ tl/o:a] (aonX I -nsnXz)

which gives a measure of the relative magnitude of the interior direct and bending stresses.
Equation (9) is formally the same as the corresponding equation for the stress boundary
value problem with the role of O'an and O'Dn interchanged and with the prescribed edge
stress resultants and couple replaced by the prescribed edge strain couples and resultant
according to the rules of the static geometric analogy. Observing these changes, a discussion
of the interior stress state for the displacement boundary value problem is formally the
same as that of the stress boundary value problem in [1]. We confine ourselves only to the
following observations.

From equation (3.2) of [I], we have the following asymptotic expansions for the "\:';s
for J1 2> 1:

no)
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With these. there follows from PI
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If (11) is an accurate approximation of A" and B" and if the prescribed edge displacements
are such that

and
1 i n+ I " n+ I
-I('r"-K")+--(ab"+nc") I ~ I('t".-K")+--(ab"-m;")
Pi ~a ! I ~a :

we have the following valid first approximation for A" and B":

(12)

(13)

It is remarkable that the quantities w" and 4J" which contribute to each edge strain measure
individually do not appear in the leading terms of the interior solution. Moreover, the
expressions for A" and B" given by (13) are exactly those obtained in [5J by a direct asymp­
totic analysis of the same problem. Our analysis shows that the results of [5J are in fact
equivalent to the leading term of the asymptotic expansion of the interior solution in powers
of 1W Whether such a leading term theory provides an accurate first approximation of the
exact interior solution depends of course on the satisfaction of (12) and on that (11) is an
accurate approximation of the exact solution.

Writing (12) in terms of the edge displacement quantities, we have

p-11(n+ l)(u"+v")-2o:w"1 ~ (n-l)lu"+v"1

p-l/(n+ I )(u"+ v")-2:xw"1 ~ (n -1)lu"- [""I.
(14)

The first condition of (14) can be simplified to Irxw"/pi ~ (n - 1)/ u" + v"l. Note that 4J" does
not appear in (14). This is in agreement with the result of [IJ which shows that the contri­
bution of the edge rotation is of the form ~a4J"/(2J1)2. Thus. even if (14) (or (12)) is satisfied.
(3) need not be an accurate first approximation of these constants. However, upon appro­
priate translation of the results for the stress boundary value problem, we have that if (13)
is not an accurate first approximation of the interior stress state. then it is the edge zone
stress rather than the interior stress state which is associated with the dominant stress of
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the problem. In getting this last conclusion, we made use of the fact that

where

.v~

h (

..e )e VAn= (JDnCOS ntl = 0 - .
p=l hA

6.\1~ = rr~n ;.;os nO = 0 (~~~~n)
hl ,,= I h-

( I~I

and where the quantities Zi'S are the Zi'S of [I] with I' replaced by - \'.
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A6CTpaKT-flyTeM HcnpaslleHHll rpaHH'IHbiX YCllOBHH .'11111 nepeMellleHHH B Bblpa)l(eHHllX Mil nepeMC­
WeHI1K H Mepax If1MeHeHHll KPHBI11HbI, KpaeBaSl lana'la a,lS1 nepeMeUleHJilK nonorl1x c<jlepH'IeCKI1X 000110'leK
IlsnlleTCSI COOTBeTCTBYIOUlali ClaTIlKo-rCOMeTpll'leCKOK aHaaorHH K KpaeSOH lana'le anll Hanpll)l(eHHH:.
TO'lllOe pellleHHe nepSOH: lana'lJil Jil ee aCI1MnTOTI1'1eCKOe rlOBeneHl1e nonY'IalOTCIi HenOCpenCTBeHHO 111
I1JBeCTHbIX peJynbTaToB LlPyrOH: lalla'll1, nyTeM npl1MeHeHI111 3aKOHOB CTaTIlKoreOMeTpl1'1ecKOK aHanOrlll1.
6eJ HeOOXOJllIMOCTIl KaKI1X TO HeJaBHCI1MbIX paC'IeTOB. jTa HOBali <!>opMynl1poBKa aaeT TaK)I(e nepcneKTI1By
K IIpenblnYUleMY aCI1MnTOTll'lecKoMy peweHl111 3a!ta'lH 'l.;(R lIepeMeUleHHH.


